Proof of Casteljau method

- by Timothée Groleau —

First published on 28 May 2002

Introduction

The Casteljau method is a method that shows how to split a cubic bezier curve into two
halves cubic bezier curves. Numerous places on the web reference it but I couldn’t find a
proof and since | don’t like taking things for granted, | rewrote my own. The proof is easy,
but it is a bit tedious to write.

Hypothesis

Let’s consider a bezier curve determined by 4 control points {Po, P1, P, P3}. Let’s add to this
a few extra points defined as follow:

* Py being the middle of [Py, P1]

* Py, being the middle of [P, P2]

e Py3 being the middle of [P», Ps]

* Pa being the middle of [Po1, P12]

* Pg being the middle of [P12, P2s]

* P¢ being the middle of [Pa, Ps]

We therefore have a graphic like this:
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Goal

We need to prove three things
1. Prove that PC is the middle of the cubic curve, that is B(0.5).
2. Prove that the cubic curve determined by the four control points {Pg, Po1, Pa, Pc}
matches exactly the first half of the main cubic.
3. Prove that the cubic curve determined by the four control points {Pc, Pg, P23, P3}
matches exactly the second half of the main cubic.

Notations

Cubic beziers curves are parametric functions where the function for each coordinate (x and
y) is the same. In the calculations below, | will therefore simply use the points’ names instead
of referring to their coordinate x and y for each line.

I will apply this thinking for the function middle (called m) which return the middle of two

points with the same function applied to each coordinate:

m(a,b):% where a and b are points in a space of any dimension.

Reminder

Also, before we carry on, | want to show quickly the cubic Bezier formula and its form in a
easy to use polynomial function.

Remember that the general bezier curve formula with N+1 control points is:

< N! K N-k
B(U)—kzzépkmu (1_U) }OSUS].

A cubic bezier curve has four control points so the formula looks like this:

3 3 K 3k
B(u) =§Pkmu (1-u) }OSu <1

We can simplify this formula as follow:
Bu)=P,(1-u)’ +3Ru(l—u) +3Pu?(1-u)+ Pu’
B(u) =u®(-P, +3P, - 3P, + P,)+u?(3P, —6P, +3P,)+u(-3P, +3P,)+ P, }0<u <1
B(u) = Us(Ps +3(Pl B Pz)_ Po)+3u2(Po 2R+ P2)+3u(Pl - P0)+ R



Proof that P; is the middle of the cubic curve

Let’s calculates the position of Pc:

P. =m(Py. Ps)
PC :m( (POl’PlZ) (RLZ’PZS))
P. =m(m(m(P,, ). m(R;, P, )) m(m(R,, ;). m(P,. P,))
Pczm(m P+P P+Pj’m(P1+P2’P2+P3D
2 2
Pczm(P0+2P +P, P+2P +Pj
4
p - R *3P+3P 4P
¢ 8
P :Po+3(P1+P2)+P3
© 8

Now Lets calculate the position of the cubic bezier at u=0.5:

1)_(1Y) 1Y 1
B E :(Ej (P3+3(P1_P2)_P0)+3(§j (Po _2P1+P2)+3(EJ(P1_P0)+P0
1 1 6 12 8
BE :§(P3+3(P1_P2)_P0)+§(Po_2P1+P2) 8(P P) gpo
B i _ P, +3P, -3P, - P, + 6P, —12P, + 6P, +12P, -12P, + 8P,
2 8
B i _ P, +3P, +3P, + P,
2 8
B i — Po+3(P1+P2)+P3
2 8
Conclusion:

P. = B(%} and therefore P¢ is the middle of the cubic curve.



Proof that the first half matches exactly the main cubic

Let’s call the curve determined by the four control points {Po, Po1, Pa, Pc} Bsub1-
Here is the formulas for each of the control points:

P=FR PA:P°+2Pl+P2

4
P :P0+P1 P:P0+3P1+3P2+P3
01 2 C 8

We have, for 0<u<l:

Bsubl(u) = ug(Pc +3(P01 - PA)_ P0)+3UZ(P0 - 2|:)01 + PA)+3U(P01 - Po)+ I:)0

8 2 4

+3u2(P0—2P°+Pl+P°+2I31+P2]+3U(P°+Pl—P0j+PO
2 4 2

B b (u):US(PO+3RL+3P2+P3 +3(PO+Pl _PO+2P;L+PZJ_PJ
subl 0

5. ()= u3( P, +3P, +3P, + P, +12P, +12P, —-6P, —12P, - 6P, —8P0j
subl -
8

+3u2(4P° —4P, —4Pl4+ P, +2P + P2j+3u(|30 + P;—2P0j+ P

By (U) = us( B 3R ;Q’PZ — P°j+3u2(—P° _251 M PZJ +3u(p1 ; P°J+ P,

2

B (U)= (Ejs(% +3P -3P, - P,)+ 3(%]

2 (Po_2P1+P2)+3(%j(P1_P0)+Po

-
Bsubl(u) - B(2)

Since Bsubl(u) = B(%j for 0<u <1, By defined from O to 1 is the same as B from O to 0.5

since u and u/2 are continuous functions, B, draws exactly the first half of the main cubic
bezier.



Proof that the second half matches exactly the main cubic

Let’s call the curve determined by the four control points {Pc, Ps, P23, P3} Bsubz-
Here is the formulas for each of the control points:

o P3P 3P, +P, o _PtP
c 23

8 2
PB:P1+2P2+P3 P, =P

4

We have, for 0su<l:

BsubZ(u): us(Ps +3(PB - st)_ Pc)+3u2(Pc _ZPB + P23)+3u(PB - Pc)"' Pc

B ()=up 3y RF2PtP P tR)_R+3R 43R +P,
sub2 3 4 2 8

vy P *3PH3R R R+2P 4P P 4P,
8 4 2
+3u(F’1+2P2+P3 _ P, +3R, +3P2+P3)
8

L P t3P +3P, +P,
8

5 (u)= u3(8P3 +6P, +12P, + 6P, ~12P, ~12P, =P, =3P, =3P, - st
sub2 -

8
+3UZ(PO +3P, +3P, + P, —4PF, —-8P, —4P, + 4P, +4P3J
8
+3u(2P1 +4P, +2P, - P, -3P, - 3P, —P3j
8
+ P, +3P, +3P, + P,
8
B (u):u3(P3 +3P —3P, _Poj+3u2(Po -P-P +P3j
sub2 8 8
+3U(P3 + P _Pl_Poj+ R 3P +3P, + R
8 8

OK at this point the formula above doesn’t look familiar. The thing is that if we want to prove
that By, draws the second half of the main cubic, basically, Bg2(u) for u between 0 and 1
must represent B(v) for v between 0.5 and 1. Therefore what we want to prove is that

+
Bsubz(u) = B(lTuJ for u between 0 and 1.



+
Let’s calculate B(TUJ for Osu<l

(10122 +alm-R)-R)+4 152 (h-2m 4R+ 150 R -R) o,

2
2 3 )
B(l;uj:(lwu +:u +u J(p3+3(P1—P2)—P0)+3£“2“T“‘j(PO_2Pl+P2)

+ 3(]-4-7“}('31 - P0)+ R

B(1+uj: P,+3R-3%,-R . P+3R-3R-R . .P+3R -3 -P
2 8 8 8
+y? P2 t8P -8R, ~R  6R -12R +6P, , 4R -8R +4P, ., ,2R -4P +2P,
8 8 8 8
L12R-12R, o 4P -4R B8R
8

B(1+uj:u3(P3 +3P, - 3P, —P0J+3u2(P3 +3P,~3P, - P, , 2P, ~4P, +2sz
2 8

8 8
+3u(P3 +3P, ~3P, P, , 4R, ~8P, +4P, +4P1—4P0J

8 8
+(P3 +3Pl;3P2 ~P, 6P, —128P1 +6P,  12P ;12P0 +8;>0j

B(1+Uj:u3(P3+3Pl_3P2 _Po]+3u2(Po_P1_P2 +P3j
2 8 8

+3u(P3+P2_Pl_P°j+ R 3P +3P, + R
8 8

B(“—“j = B,,,(u)

2

+
Since Bsubz(u): B(lTuj for 0<u <1, By defined from O to 1 is the same as B from 0.5to 1

and since u and (1+u)/2 are continuous functions, Bg,,, draws exactly the second half of the
main cubic bezier.

Conclusion:

Any cubic bezier curve defined by four control points {Po, P1, P2, P3} can be divided into two
exact cubic halves.
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